The characteristics of an integrated circuit transistor, operating in the saturated mode, cannot be determined from simple lumped parameter relationships. Due to the geometry of these transistors, the series collector resistance must be calculated using conformal mapping techniques.
To accurately determine the saturation characteristics, distributed models are developed for the five regions of the transistor. Using these models as a guide, difference equations describing each region are formulated. Insight into the operation of the transistor can be gained by examining the internal current densities predicted by the model.
INTRODUCTION
The saturation voltage specification is often the most severe specification placed upon an integrated circuit transistor, and many times the ac as well as the dc-voltage performance is limited by this specification. To truly optimize the design of an integrated circuit transistor, a necessary. (All symbols to be used are defined in the A' ppendix.) is method for calculating the saturation voltage, Vce(sat transistor in Figure 1 depend upon two-dimensional current flow. The following must be considered:
The saturation characteristics of the integrated circuit
(1) The effect on the emitter-base potential, Ve, of the lateral current flow in the distributed base resistance.
The combined effects of lateral current flow in the base and collector regions on the collector base potential, Vc.
( 3 )
The effect of the planar base and collector contacts on the series base resistance, R B~, and series collector resistance, Rsc. This investigation considers all of these effects. (1) and (2) in Figure 2 , using the defined in the Appendix.
The intrinsic saturation voltage, Vce(sat)*, may be obtained from this model by solving Eqs.(l) and (2) for Ve and VC V , e (sat) * is proportional to log a~.
such as those experienced in integrated circuit transistors, Vce(sat)* is sensitive to changes in a~.
For small values of a~,
The expression for Vce sat)* neglects the effect of Rsc.
The standard approximation 6 efining the total saturation 
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IN COLLECTOR
I
OHMIC BASE CONTACT 
-Currents and voltages f o r the Ebers and Moll model
The l a t e r a l f l o w o f c o l l e c t o r and base c u r r e n t s i n i n t e g r a t e d c i r c u i t t r a n s i s t o r s p r e v e n t s t h e s e p a r a t i o n of t h e t e r m s i n s u c h a s i m p l e manner,and f o r such a t r a n s i s t o r , vc, ve, V c e ( s a t ) * , r e s i s t a n c e , Rb. l a t e r a l d i s t a n c e i n F i g u r e 1 and c a n n o t be t r e a t e d as c o n s t a n t across t h e t r a n s i s t o r ( r e f s . 2 , 3 ) .
and aI are f u n c t i o n s o f Rsc and t h e b a s e I n f a c t , Vc and Ve become f u n c t i o n s of the T o examine t h e o p e r a t i o n o f t h e t r a n s i s t o r under such c o n d i t i o n s , a d i s t r i b u t e d model w i t h one-dimensional t r a n s i st o r s i n t e r c o n n e c t e d w i t h a p p r o p r i a t e resistors i s developed. T h i s t e c h n i q u e e s s e n t i a l l y e l i m i n a t e s t h e a c t i v e p a r a s i t i c s created by t h e substrate-collector j u n c t i o n of an i n t e g r a t e d c i r c u i t t r a n s i s t o r ( r e f . 4 ) .
T h e r e f o r e , t h e e f f e c t of t h i s j u n c t i o n i s s i m p l y t o c o n s t r a i n t h e c o l l e c t o r c u r r e n t . T h i s c o n s t r a i n t w i l l be consid.ered i n t h e c a l c u l a t i o n o f Rsc and a c c u r a t e r e s u l t s may be o b t a i n e d .
DEVELOPMENT O F THE DISTRIBUTED MODEL
The t r a n s i s t o r shown i n F i g u r e 1 may be d i v i d e d i n t o f i v e r e g i o n s :
The i n t r i n s i c r e g i o n c o n s i s t i n g o f t h e
The area between t h e e m i t t e r and base
Region 111: The e q u i p o t e n t i a l b a s e c o n t a c t r e g i o n Region I V :
The r e g i o n between t h e edge o f t h e b a s e
The
r e g i o n between t h e base and c o l l e c t o r c r o s s s e c t i o n which i n c l u d e s t h e e m i t t e r c o n t a c t and t h e base c o n t a c t c o n t a c t
Regions 11, 111, and I V w i l l be r e f e r r e d t o as t h e e x t r i n s i c r e g i o n s . Each s e c t i o n o f t h e i n t r i n s i c r e g i o n (Region I ) , r e p r e s e n t s a c l a s s i c a l one-dimensional t r a n s i st o r w i t h t h e e m i t t e r area e q u a l t o t h e c o l l e c t o r area. The s e c t i o n s i n t h e e x t r i n s i c r e g i o n s are c o l l e c t o r base d i o d e s . I n Region 111, t h e e f f e c t i v e base r e s i s t a n c e i s z e r o b e c a u s e of t h e ohmic c o n t a c t , and i n Region I V t h e base r e s i s t a n c e
o x i m a t i o n i s d i s c u s s e d l a t e r . F i g u r e 3 shows t h e d i s t r i b u t e d model f o r a l l r e g i o n s of t h e t r a n s i s t o r . b e found by summing t h e t e r m i n a l v o l t a g e s .
Using t h i s f i g u r e as a g u i d e , V c e ( s a t ) may ' ce ( s a t ) -'en
where t h e above v o l t a g e s a r e f u n c t i o n s of the t e r m i n a l c u r r e n t s and t h e "A" p a r a m e t e r s of e a c h r e g i o n . C l o s e r e x a m i n a t i o n shows t h a t t h e v o l t a g e s i n E q . ( 5 ) are a l s o s t r o n g f u n c t i o n s o f t h e l a t e r a l c o l l e c t o r and b a s e c u r r e n t s ; t h e r e f o r e , V c e ( s a t ) d e t e r m i n e d f r o m E q . ( 5 ) w i l l b e a c c u r a t e f o r " t o p c o l l e c t o r " t r a n s i s t o r s .
The v a l u e s o f t h e v o l t a g e s i n E q . ( 5 ) can b e found by w r i t i n g d i f f e r e n c e e q u a t i o n s r a t h e r t h a n d i f f e r e n t i a l equat i o n s u s i n g t h e d i s t r i b u t e d . m o d e 1 a s a g u i d e .
For Region I ( F i g u r e 4 1 , t h e c u r r e n t r e l a t i o n s h i p s a r e g i v e n by: t h a t i s : Ibo = f l ( V e , Vc)
Rc S u b s c r i p t s 0 and 1 r e f e r t o t h e i n i t i a l and f i r s t r e g i o n of t h e model shown i n F i g u r e 4 .
T y p i c a l l y , t h e change i n v o l t a g e from one s e c t i o n t o a n o t h e r i s i n t h e o r d e r of few m i l l i v o l t s , b u t b e c a u s e t h e c u r r e n t s a r e e x p o n e n t i a l funct i o n s o f t h e s e v o l t a g e s , t h i s change i n v o l t a g e i s i m p o r t a n t . The e q u a t i o n s f o r t h e n t h s e c t i o n i n Region I are:
The e q u a t i o n s g o v e r n i n g are :
can be found by s e t t i n g n = N t h e performance i n Region I1
The e q u a t i o n s g o v e r n i n g Regions I11 and I V a r e i d e n t i c a l
With t h e e q u a t i o n s w r i t t e n above, t h e n e c e s s a r y v o l t a g e s t o t h o s e f o r Region I1 w i t h Rbl = 0 .
to find V c e ( s a t ) are a v a i l a b l e . 
N1
The t e r m i n a l b a s e and c o l l e c t o r c u r r e n t s are e v a l u a t e d a t n = N1 and s i m i l a r e q u a t i o n s can b e w r i t t e n f o r . t h e m . c u r r e n t s and v o l t a g e s a r e g i v e n i n t e r m s of VCo and Veo and t h e A ( e , c ) p a r a m e t e r s .
With a j u d i c i o u s c h o i c e o f VCo and Veo and t h e u s e of a computer, Vce(,,t)can b e c a l c u l a t e d f o r any d e s i r e d t e r m i n a l c u r r e n t .
With t h e r e s u l t s from t h e above e q u a t i o n s , t h e n e c e s s a r y
F i g u r e 1 shows t h e c o l l e c t o r j u n c t i o n i s much l a r g e r t h a n t h e e m i t t e r j u n c t i o n , and c u r r e n t i n j e c t e d l o n g d i s t a n c e s away from t h e e m i t t e r w i l l n o t c o n t r i b u t e t o t h e i n v e r s e e m i t t e r c u r r e n t and t h u s reduce a~.
Assuming an i n v e r s e c u r r e n t g a i n , a 1 0 , f o r Region I and an i n v e r s e c u r r e n t g a i n o f zero f o r t h e e x t r i n s i c r e g i o n s , 
t h e n t h e r e s u l t s o f t h e p r e v i o u s s e c t i o n c a n b e used t o calc u l a t e t h e e f f e c t i v e a~. c u r r e n t which o r i g i n a t e s i n t h e collector and I c i as t h e t o t a l c u r r e n t i n j e c t e d o u t of t h e c o l l e c t o r , t h e a l p h a e ff e c t i v e i n v e r s e i s g i v e n by: I f I b i i s d e f i n e d as t h e t o t a l
= E e x pwhere t h e summation e x t e n d s o v e r a l l r e g i o n s o f t h e t r a n s i st o r s , and THE S E R I E S COLLECTOR RESISTANCE
The series c o l l e c t o r r e s i s t a n c e , RSC, may b e a p p r o x imated t o be t h e r e s i s t a n c e between two c o n d u c t i n g p l a n e s as shown i n F i g u r e 5b, 
w i t h one c o n t a c t r e p r e s e n t i n g t h e c o ll e c t o r N+ d i f f u s i o n and t h e o t h e r t h e e m i t t e r d i f f u s i o n ( F i g u r e 5 a ) . Assuming c h a r g e n e u t r a l i t y ( i . e . , v 2 p = 0) i n t h e c o l l e c t o r area, mapping t e c h n i q u e s (Eqs. ( 5 ) , (6), and ( 7 ) ) may b e used t o f i n d t h e c a p a c i t a n c e f o r t h i s geometry:
and Z i n t h e l e n g t h of t h e s t r i p e p e r p e n d i c u l a r t o t h e d i r e c t i o n s shown.
K and K' a r e t h e complete e l l i p t i c i n t e g r a l o f t h e f i r s t k i n d o f i t s c o n j u g a t e r e s p e c t i v e l y ; i . e . : ( 2 7 ) U t i l i z i n g t h e a n a l o g y between c a p a c i t a n c e and r e s i s t a n c e , RC = p E E~, Smythe ( r e f . 8 ) , where R and C are t h e lumped e q u i v a l e n t r e s i s t a n c e and c a p a c i t a n c e , r e s p e c t i v e l y , and P and E E~ a r e t h e d i s t r i b u t e d r e s i s t i v i t y and p e r m i t i v i t y o f t h e m a t e r i a l , t h e s e r e s u l t s can be used t o c a l c u l a t e t h e s e r i e s r e s i s t a n c e f o r an i n t e g r a t e d c i r c u i t t r a n s i s t o r . The s e r i e s c o l l e c t o r r e s i s t a n c e f o r a t r a n s i s t o r w i t h e m i t t e r l e n g t h Z i s :
The a n a l y s i s h a s been two d i m e n s i o n a l , b u t f o r most t r a n s i s t o r s o f i n t e r e s t , Z i s > > L,d and t h e end e f f e c t s c a n be n e g l e c t e d .
I f E q . ( 2 8 ) i s used when Z = L , w o r s t -c a s e v a l u e r e s u l t s .
L I M I T A T I O N S O F THE MODEL
The model i s a c c u r a t e f o r low c u r r e n t r a n g e s , b u t h a s a n t i c i p a t e d l i m i t a t i o n s a t h i g h c u r r e n t l e v e l s .
I m p o r t a n t f a c t o r s n o t i n c l u d e d i n t h e model which a f f e c t t h e r e s u l t s a t h i g h c u r r e n t l e v e l s a r e :
(1) A t h i g h c u r r e n t l e v e l s , a l p h a w i l l d e c r e a s e b e c a u s e of t h e e l e c t r o n i c j u n c t i o n motion which i n c r e a s e s t h e b a s e w i d t h , ( r e f s . 9 , lo), a n d , t h u s , r e d u c e s t h e b a s e t r a n s p o r t f a c t o r and t h e e m i t t e r e f f i c i e n c y . F o r l a r g e c u r r e n t s , c o n d u c t i v i t y modulation a l s o r e d u c e s t h e e m i t t e r e f f i c i e n c y , and t h e n e t r e s u l t i s t h a t , a t h i g h c u r r e n t l e v e l s , a l p h a w i l l d e c r e a s e r a p i d l y .
( 2 ) The r e s i s t i v i t y and a s s o c i a t e d r e s i s t a n c e s f o r t h e b a s e and c o l l e c t o r r e g i o n s a r e i n v e r s e l y r e l a t e d t o t h e m a j o r i t y c a r r i e r c o n c e n t r a t i o n s i n t h e s e r e g i o n s .
A t h i g h c u r r e n t d e n s i t i e s , t h e number o f m a j o r i t y c a r r i e r s i s r a d i c a l l y i n c r e a s e d t o m a i n t a i n c h a r g e
e s i s t a n c e s are r e d u c e d .
( 3 ) A t h i r d l i m i t a t i o n t o t h i s model r e s u l t s f r o m t h e l i n e a r i z a t i o n of t h e s e r i e s c o l l e c t o r r e s i s t a n c e .
I t w a s shown t h a t t h i s r e s i s t a n c e i s e f f e c t e d by t h e crowding of t h e c u r r e n t n e a r t h e c o l l e c t o r c o n t a c t and e m i t t e r , and t h e method f o r a c c u r a t e l y c a l c u l a t i n g t h e r e s i s t a n c e i s g i v e n e s p e c i a l l y f o r h i g h c u r r e n t s . The v a l u e o f c o l l e c t o r r e s i s t a n c e used i n e a c h s e c t i o n of t h e model w a s found by d i v i d i n g t h e t o t a l Rs by t h e number of s e c t i o n s . T h i s l i n e a r i z a t i o n assumes a c o n s t a n t d i s t r i b u t e d c o l l e c t o r r e s i s t a n c e . T h i s assumption i n t r o d u c e s a second-order i n a c c u r a c y which becomes i m p o r t a n t a t h i g h c u r r e n t l e v e l s .
APPLICATIONS O F THE MODEL
The model i s a d i s t r i b u t e d v e r s i o n o f t h e n o n -l i n e a r model proposed by Narud and Meyer ( r e f . 9 ) and w i l l a c c u r a t e l y p r e d i c t o p e r a t i o n i n t h e a c t i v e mode.
I n t h e a c t i v e mode, one can p r e d i c t t h e e m i t t e r c u r r e n t d e n s i t y f o r a g i v e n t o t a l e m i t t e r c u r r e n t . A s w a s shown by Kirk ( r e f .
lo), t h e maximum number o f c a r r i e r s p a s s i n g t h r o u g h t h e c o l l e c t o r -b a s e d e p l et i o n r e g i o n must b e k e p t l e s s t h a n t h e i o n i z e d i m p u r i t y d i st r i b u t i o n i n t h a t r e g i o n f o r t h e t r a n s i s t o r t o o p e r a t e .
The number of c a r r i e r s p a s s i n g t h r o u g h a r e g i o n as r e l a t e d t o t h e c u r r e n t d e n s i t y may b e d e t e r m i n e d .
T h i s model g i v e s t h e c u r r e n t d e n s i t y i n any r e g i o n , and t h e r e b y , p r o v i d e s a means t o e x s u r e t h a t t h e maximum a l l o w a b l e c u r r e n t d e n s i t y w i l l n o t b e exceeded.
The model may be expanded t o g i v e t h e t r a n s i e n t r e s p o n s e of an i n t e g r a t e d c i r c u i t t r a n s i s t o r .
I t would b e n e c e s s a r y t o i n c l u d e b o t h j u n c t i o n and d i f f u s i o n c a p a c i t a n c e s f o r each sect i o n o f t h e model. An a n a l y s i s based on t h e model of t h e c o ll e c t o r r e g i o n would g i v e t h e s t o r a g e t i m e o f t h e t r a n s i s t o r ; however, t h e r e l a t i o n s h i p s a r e n o n l i n e a r and a computer s o l ut i o n would b e n e c e s s a r y .
P R I N C I P A L C O N T R I B U T I O N S O F MODEL
T h e model h e r e p r o p o s e d , and t h e t e c h n i q u e s developed t o u t i l i z e i t , o f f e r s i g n i f i c a n t a i d s t o t h e d e v i c e d e s i g n e r .
(1) A p p r o p r i a t e formulas w e r e d e v i s e d f o r t h e c a l c u l a t i o n o f t h e s e r i e s c o l l e c t o r r e s i s t a n c e of i n t e g r a t e d c i r c u i t t r a n s i s t o r s .
(2) The expressions for the saturation voltage and effective aI were developed from a distributed model.
( 3 )
Perhaps the most important result of this analysis is the insight into the operation of the transistor that has been gained by examining the potentials and currents inside the transistor as a function of lateral distance. This insight aids in the optimization of transistors for a given function.
An experimental verification of the mode1,here developed shows excellent agreement with theory, and has been discussed elsewhere (refs. 11, 12 (1) and (2) The common base current gain of a transistor operating in the normal mode, i.e., a n The common base current gain of a transistor with the collector acting as the emitter, i.e., in the inverse mode. 
